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In this paper, using Barrow entropy, we propose an interacting model of Barrow holographic dark
energy (BHDE). In particular, we study the evolution of a spatially flat FLRW universe composed
of pressureless dark matter and BHDE that interact with each other through a well-motivated
interaction term. Considering the Hubble horizon as the IR cut-off, we then study the evolutionary
history of important cosmological parameters, particularly, the density parameter, the equation of
state parameter, and the deceleration parameter in the BHDE model and find satisfactory behaviors
in the model. We perform a detailed study on the dynamics of the field equations by studying the
asymptotic behavior of the field equations, while we write the analytic expression for the scale factor
with the use of Laurent series. Finally, we study the implications of gravitational thermodynamics
in the interacting BHDE model with the dynamical apparent horizon as the cosmological boundary.
In particular, we study the viability of the generalized second law by assuming that the apparent
horizon is endowed with Hawking temperature and Barrow entropy.
Keywords: Barrow entropy, Holographic dark energy,
Interaction, Generalized second law, Hawking tempera-
ture
I. INTRODUCTION
Observational data from various probes [1–5] suggest
that the expansion of the universe is accelerating at
present. This accelerated expansion is attributed to
some exotic component with large negative pressure
called dark energy (DE) that comprises approximately
70% of the energy density of the universe. In addition,
the second largest component of our universe is the dark
matter (DM), and the origin as well as the true nature
of these dark sectors (DE and DM) are absolutely un-
known at present. Different kinds of theoretical models
have already been constructed to interpret accelerating
universe and some eminent reviews on this topic can be
found in [6–8]. However, the problem of the onset and
nature of this acceleration mechanism remains an open
challenge of modern cosmology.
One interesting approach for the quantitative descrip-
tion of DE arises from the holographic principle [9–14].
Holographic dark energy (HDE) leads to interesting
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cosmological scenarios, both at its simple as well as
at its extended versions, which mainly based on the
use of various horizons as the universe “radius” (see
these Refs. [15–34] for more details about the models).
Such HDE models are also in agreement with observa-
tional data [35–42]. Barrow holographic dark energy
(BHDE) is also an interesting alternative scenario for
the quantitative description of DE, originating from
the usual holographic principle [9–13] and by applying
the recently proposed Barrow entropy [43] instead of
the usual Bekenstein-Hawking one [44, 45]. Recently,
have Saridakis [46] shown that the BHDE includes
basic HDE as a sub-case in the limit where Barrow
entropy becomes the usual Bekenstein-Hawking one, but
which in general is a new scenario which reveals more
richer and interesting phenomenology. Very recently,
Anagnostopoulos et al. [47] have shown that the BHDE
is in agreement with observational data, and it can serve
as a good candidate for the description of DE. On the
other hand, concerning various cosmological theories,
the scenario where DE interacts with DM has gained
much attention in the current literature (for review, see
[48] and references therein). In fact, recently it has been
argued that the interacting model could be a promising
candidate to resolve the small value of the cosmological
constant [7, 48] and the current tension on the local
value of the Hubble constant [49, 50]. Therefore, an
interacting scenario seems promising and it might open
some new possibilities regarding the true nature of dark
sectors in near future.
Thus, following this motivation, in the present work,
2we propose an interacting BHDE model in which the dark
sectors (pressureless DM and BHDE) of the universe in-
teracts with each other through a general source term
Q. The basic properties and the physical motivations
behind the choice of this Q has been discussed in the
next section. In particular, we consider a spatially flat,
homogeneous and isotropic spacetime as the underlying
geometry. We then study the behavior of different cosmo-
logical parameters (e.g., the deceleration parameter, the
density parameter of BHDE and the equation of state
parameter of BHDE) during the cosmic evolution by as-
suming the Hubble horizon as the infrared (IR) cut-off.
The asymptotic behavior of the field equation is stud-
ied by using the Hubble-normalization parameters. The
field equations admit two stationary points where the one
point describes a scaling solution while the second sta-
tionary point describes the de Sitter universe. Moreover,
for a specific value of the parameters an exact singular
solution it is determined, while by using the singular-
ity analysis we are able to write the analytic solution of
the model by using Laurent expansions around the initial
singularity.
Finally, we undertake a thermodynamic study of
our interacting BHDE model. We study the validity
of the generalized second law (GSL) by assuming the
dynamical apparent horizon as the thermodynamic
boundary. To meet our purpose, we consider that the
apparent horizon is endowed with Hawking temperature
and Barrow entropy.
We organize the present work in the following way.
In the next section, we introduce the BHDE model
proposed in [46] with a general interaction term be-
tween the dark components (BHDE and DM) of the
universe and also study its cosmological evolution. For
completeness of our study, in section III, we present an
analysis by studying the dynamics of the field equations
and specifically its equilibrium points. Moreover, in
section IV, we explore the thermodynamical properties
of the present model. Finally, in section V we draw our
conclusions.
Throughout the paper, G is the Newton’s gravitational
constant and we have used units where ~ = κB = c = 1.
As usual, the symbol dot denotes derivative with respect
to the cosmic time t and a subscript zero refers to value
of the quantity evaluated at the current epoch.
II. THE MODEL
In this section, we describe in a nutshell the theoretical
framework and the cosmological scenario of an interact-
ing BHDE model. Very recently, it was shown by Barrow
[43] that the horizon entropy of a black hole may be mod-
ified as
SB =
(
A
A0
)1+∆
2
, 0 ≤ ∆ ≤ 1, (1)
where A is the standard horizon area and A0 indicates
the Planck area. In equation (1), the quantum deforma-
tion is quantified by the new exponent ∆. It is important
to note here that the value ∆ = 1 corresponds to max-
imal deformation, while the value ∆ = 0 corresponds
to the simplest horizon structure, and in this case one
can recover the usual Bekenstein entropy [44, 45]. It is
important to note here that the entropy, as given in equa-
tion (1), resembles Tsallis non-extensive entropy [51, 52],
but the involved physical principles and foundations are
completely different. Using the Barrow entropy [43] and
the holographic hypothesis [9–14], recently Saridakis [46]
proposed the BHDE model by introducing the following
energy density
ρD = CL
∆−2, (2)
where C is an unknown parameter and L denotes the
IR cutoff. The above relation leads to some interest-
ing results in the holographical and cosmological setups
[46, 47]. It is notable that for the special case ∆ = 0, the
above relation provides the usual HDE, i.e., ρD ∝ L−2.
Therefore, the BHDE is indeed a more general frame-
work than the standard HDE scenario and hereafter, we
focus on the general case (∆ > 0), where the quantum
deformation effects switch on. If we consider the Hub-
ble horizon (H−1) as the IR cutoff (L), then the energy
density of BHDE is obtained as
ρD = CH
2−∆. (3)
Let us consider a spatially flat, homogeneous
and isotropic Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) universe endowed with the standard metric
ds2 = −dt2 + a2(t)δijdxidxj . (4)
We further assume that the Universe is filled with pres-
sureless DM and BHDE. Then the corresponding Fried-
mann equation and the acceleration equation are ob-
tained as
H2 = (8piG/3) (ρm + ρD) , (5)
H˙ = −4piG(ρm + ρD + pm + pD), (6)
where, H(t) = a˙(t)a(t) is the Hubble parameter and a(t) is
the scale factor of the universe.
Parameters ρm, pm correspond to the energy den-
sity and the pressure of DM respectively, while ρD, pD
correspond to the energy density and the pressure of
BHDE respectively. The conservation of the total energy-
momentum tensor leads to the continuity equation
ρ˙m + ρ˙D + 3H(ρm + ρD + pm + pD) = 0. (7)
3The fractional energy density parameters of BHDE (ΩD)
and DM (Ωm) are, respectively, given by
ΩD =
ρD
ρc
= (8piG/3)CH−∆, (8)
Ωm =
ρm
ρc
, (9)
where, ρc = (3/8piG)H
2 is the critical energy density.
Now, equation (5) can be rewritten as
Ωm +ΩD = 1.
In addition, we assume that the dark fluids (BHDE
and pressureless DM) of the universe exchange energy
through an interaction term Q. Therefore, we can write
the conservation equations both for DM and BHDE in
the following coupled form
ρ˙m + 3Hρm = Q, (10)
ρ˙D + 3H(1 + ωD)ρD = −Q, (11)
where, ωi =
pi
ρi
is the equation of state (EoS) parameter
of the corresponding fluid sector. In the above equations,
Q represents the rate of energy density transfer, where
(A) Energy transfer is from BHDE → DM, if Q > 0; (B
Energy transfer is from DM → BHDE, if Q < 0.
Hence, once the evolution of the energy densities ρm
and ρD are determined either numerically or analytically
for some given interaction term Q, the expansion rate of
the universe can be obtained and the modified cosmolog-
ical parameters can be described in terms of their evo-
lution with time. If we observe the energy conservation
equations (10) and (11), the interaction between BHDE
and DM must be a function of the energy densities mul-
tiplied by a quantity having units of the inverse of time
which has the natural choice as the Hubble parameter H .
Hence Q could be expressed phenomenologically in any
arbitrary forms, for example, Q ∝ Hρ with assumptions
of ρ = ρm, ρ = ρD and ρ = ρm + ρD are more popular
in this context. Additionally, there are many proposed
interactions in the literature to study the dynamics of
the universe and for review, one can look into [48] and
references therein. Inspired by these facts and also for
mathematical simplicity, in the present work, we assume
that Q is a linear combination of the energy densities
given as [53–58]
Q = 3H(b21ρm + b
2
2ρD), (12)
where, b21 and b
2
2 are dimensionless constants. From the
observational point of view, the values of b21 and b
2
2 are
very small (<< 1) [59]. Recently, Mamon et al. [58] stud-
ied the cosmological and thermodynamical consequences
of Tsallis holographic dark energy with this choice of in-
teraction (12) and found it can bring new features to
cosmology. They have also showed that the general form
of Q, given by equation (12), covers a wide range of other
well-known interacting models for some specific choices of
b21 and b
2
2. Furthermore, they justified the choice of this Q
using the Teleparallel Gravity, based in the Weitzenbo¨ck
spacetime (for details, see [58]). Following Ref. [58], in
this work, we also focus on the positive values of the cou-
pling constants b21 and b
2
2. As a result, Q becomes posi-
tive (and hence the energy transfers from BHDE to DM)
which is well consistent with the validity of the second
law of thermodynamics and Le Chatelier-Braun princi-
ple [54]. The simplicity of the functional form of Q (as
given in equation (12)), makes it very attractive to study.
Clearly, equations (10) and (11) offer a new dynamics of
the universe with this choice Q. Hence, such a consider-
ation might be useful and deserves further investigation
in the present context. For a detailed discussion on inter-
acting models we refer the reader in [60, 61], while some
recent cosmological constraints on interacting models can
be found for instance [62–64].
Now, taking the time derivative of equation (5) along
with combining the result with equations (10) and (11),
one can easily obtain
H˙
H2
= −3
2
ΩD
(
1 + ωD +
ρm
ρD
)
= −3
2
(1 + ωDΩD). (13)
Similarly, taking the time derivative of equation (3) and
by using equations (11) and (13), we get
ωD =
2b21(Ωd − 1)− (2b22 +∆)ΩD
ΩD(2− (2−∆)ΩD) . (14)
Now, the equation of motion for the BHDE density pa-
rameter ΩD can be evaluated by differentiating equation
(8) with respect to the cosmic time and using equations
(13) and (14). Therefore, we reach at
Ω′D =
dΩD
d(ln a)
=
3∆ΩD[1 + b
2
1(ΩD − 1)− (1 + b22)ΩD]
(2 − (2−∆)ΩD) .
(15)
The deceleration parameter is defined as
q = − a¨
aH2
= −1− H˙
H2
,
which finally leads to
q = − a¨
aH2
=
1 + 3b21(ΩD − 1)− (1 + 3b22 +∆)ΩD
(2− (2−∆)ΩD) .
The total EoS parameter is also evaluated as
ωtot = −1− 2H˙
3H2
= −1
3
+
2q
3
. (16)
As is well known, ωtot < − 13 is require to accelerate the
expansion of our universe.
For completeness, in the next section, we shall try to
solve the field equations and determine exact and analytic
solutions.
4III. EVOLUTION OF DYNAMICS
We proceed by studying the asymptotic behavior of
the gravitational field equaitons as also the existence
of exact solutions for the field equations. With the
use of the dimensionless variables Ωm, ΩD the field
equations reduce to the one-dimensional first-order
ordinary differential equation (15). Equation (15) is a
nonlinear equation which can not be integrated by using
closed-form functions. Hence we proceed its analysis by
studying the dynamics of the equation and specifically
its equilibrium points [65–68].
The right hand side of equation (15) vanishes at the
two points P1 : ΩD = 0 and P2 : ΩD =
b2
1
−1
b2
1
−b2
2
−1
. The
stationary point P1 describes an exact solution where
only the matter source Ωm contributes in the cosmologi-
cal solution, and the parameter for the equation of state
for the effective fluid is ωtot (P1) = −b21. On the other
hand, the physical solution at the stationary point P2 de-
scribes a universe where the two fluid source contributes,
when b21 6= 1, while the point is physically accepted
when {b2 = 0, |b1| 6= 1} and
{
b2 6= 0, |b1| ≤
√
1 +
b2
2
2
}
.
Moreover, the parameter for the equation of state for
the effective fluid is ωtot (P2) = −1 which means that
the effective fluid mimic the cosmological constant.
In order to study the stability of the stationary
points we write the linearized system around the
point and we determine the eigenvalue of the equation
at the stationary points. At P1, the eigenvalue is
e (P1) = − 32
(
b21 − 1
)
∆, while at P2 the eigenvalue
is derived e (P2) =
3(b21−1)(b
2
1
−b2
2
−1)∆
∆(b21−1)−2b22
. Recall that
0 < ∆ < 1, from where we infer that P1 is an attractor
when |b1| > 1, while point P2 is an attractor for arbitrary
b2 and |b1| < 1.
We plot the evolutionary trajectories for different cases
of new Barrow exponent ∆ in which |b1| < 1 which means
that the future attractor is point P2.. Figure 1 shows the
evolution of the BHDE density parameter ΩD as a func-
tion of the redshift parameter z. From this figure, it
is evident that ΩD increases monotonically to unity as
the universe evolves to z → −1. Next, we have shown
the evolutions of the EoS parameter ωD and the total
EoS parameter ωtot for the present model by considering
different values of ∆. The plot of ωD versus redshift z
is shown in the upper panel of figure 2, while the corre-
sponding plot of ωtot is shown in the lower panel of figure
2. Interestingly, we observed that for different values of
∆, the EoS parameter ωD lies in the quintessence regime
(ωD > −1) at the present epoch, however it enters in
the phantom regime (ωD < −1) in the far future (i.e.,
z → −1). On the other hand, we also observed from
the lower panel of figure 2 that the total EoS parameter
ωtot was very close to zero at high redshift and attains
some negative value in between −1 to − 13 at low redshift
and further settles to a value very close to −1 in the far
future. Moreover, the evolution of q has been plotted
in figure 3. As we observed from figure 3, the interact-
ing BHDE model can describe the universe history very
well, with the sequence of an early matter dominated and
late-time DE dominated eras. Additionally, the transi-
tion redshift zt (i.e., q(zt) = 0) occurs within the interval
0.5 < zt < 1, which are in good compatibility with dif-
ferent recent studies (see Refs. [69–76] for more details
about the models and cosmological datasets used). It
has also been observed that the parameter zt depends on
the values of ∆ in such a way that, as ∆ increases, the
parameter zt also increases.
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FIG. 1: The evolution of ΩD, as a function of z, is shown
for the present model considering ΩD0 = 0.73, b
2
1 = 0.15,
b22 = 0.17 and different values of ∆, as mentioned in each
panel.
A. Exact and analytic solutions
Consider now the second Friedmann’s equation which
can be written in the equivalent form(
(2−∆)ΩD0 − 2H∆
)
H˙ (17)
+3
(
1− b21 + b22
)
ΩD0H
2 − 3 (1− b21)H2+∆ = 0
where ΩD0 = (8piG/3)C. The latter equation
when ∆ = 2b2
b2
1
−1
admits the special exact solution
H (t) = 1
3(1−b21)(t−t0)
. The latter exact solution describes
the epoch of the matter dominated era, that is, point
P1.
Thus for arbitrary parameter ∆, we observe that that
the singular behaviour H (t) = 2
3(1−b21)(t−t0)
it is not
an exact solution but describes the leading terms of
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FIG. 2: The evolutions of ωD vs. z (upper panel) and ωtot
vs. z (lower panel), are shown for ΩD0 = 0.73, b
2
1 = 0.15,
b22 = 0.17 and different values of ∆, as mentioned in each
panel.
the second Friedmann’s equation near the singularity
t− t0 = 0. Consequently, the singularity analysis can be
applied in order to determine the analytic solution of the
field equations. The singularity analysis it is a powerful
method for the determination of analytic solutions for
differential equations the study of the integrability of
a given system. Nowadays, the singularity analysis it
is summarized in the so-called Ablowitz, Ramani and
Segur algorithm [77–79], known also as ARS algorithm.
The latter method provides necessary information if a
given differential equation passes the Painleve´ test and
consequently if the solution of the differential equation
can be written as a Laurent expansion around a movable
singularity. This method has been widely applied
in gravitational studies, for instance see [80–88] and
references therein.
There are three main steps for the ARS algorithm. The
first step is the determination of the leading-order be-
haviour, which we have already found it in our approach.
The second step has to do with the position of the reso-
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FIG. 3: The evolution of q, as a function of z, is shown for
our model considering ΩD0 = 0.73, b
2
1 = 0.15, b
2
2 = 0.17 and
different values of ∆, as mentioned in each panel.
nances. We replace
H (t) =
2
3 (1− b21) (t− t0)
+ εt−1+S, (18)
in equation (18) and we linearize around ε→ 0. From the
leading-order terms we end with the algebraic equation
for the resonance S + 1 = 0, that is S = −1, which
indicates that the singularity is movable. Because the
differential equation is of first order we do not have to
continue our analysis, however for completeness on the
presentation we proceed with the third-step of the ARS
algorithm, the consistency test.
For the consistency test we select ∆ = 12 and we re-
place H → H2. Hence, we end with the analytic solution
expressed in the Laurent Series
H (t) = H0 (t− t0)−
1
2 +H1 +H2 (t− t0)
1
2 (19)
+H3 (t− t0) + ...+HN (t− t0)−
1
2
+N
2
where
H0 =
√
2
3 (1− b21)
, H1 =
(
b21 − 1− 4b22
)
12 (b21 − 1)
ΩD0 ,
H2 = −
(
b21 − 1− 4b22
) (
5
(
b21 − 1
)− 2b22)
32
√
6
√
1− b21 (b21 − 1)
, ... .
We remark that the only integration constant is the loca-
tion of the singularity t0. Finally, equation (18) possess
the Painleve´ property and it is integrable in terms of the
singularity analysis.
IV. THERMODYNAMIC IMPLICATIONS OF
INTERACTING BHDE
We shall now proceed to study the thermodynamic
implications of the interacting BHDE proposed in this
6paper. To meet our purpose, we wish to consider the
dynamical apparent horizon of our homogeneous and
isotropic FLRW universe. Then, we shall investigate
the GSL by evaluating the first order entropy variation
for the physical system bounded by the apparent hori-
zon in the framework of interacting BHDE. This sort of
thermodynamic study was initiated by Wang et al. [89]
and later extended by Saha and Chakraborty [90–92]. It
must be noted that the GSL in these models were studied
by assuming that the apparent horizon is ensowed with
the Bekenstein entropy and the Hawking temperature.
Very recently, the GSL at the dynamical apparent hori-
zon was studied with the Viaggiu entropy [93, 94] which
have shown some promising results. Although there exist
many horizons in Cosmology, but the most relevant one
in this context is the dynamical apparent horizon which
is a marginally trapped surface with vanishing expansion
given by [95–97]
RA =
1√
H2 + κa2
, (20)
where k is the spatial curvature which we shall set to
zero, consistent with our assumption of a spatially flat
universe.
At this juncture, it is worth mentioning that the
standard operating procedure for GSL study is to
determine the sign of the first order entropy variation
of the apparent horizon plus the first order entropy
variation of the fluid contained within it. The GSL will
be satisfied if this sum is nondecreasing.
The first step in this direction is to employ the first law
of thermodynamics (FLT) which will provide us with the
first order entropy variation of the fluid. In mathematical
terms, the FLT is stated as
TdS = dE + pdV, (21)
where, T and S are the temperature and the entropy of
the fluid respectively, V = 43piR
3
A is the volume of the
fluid bounded by the horizon, E = V ρ is the internal
energy of the fluid, evaluated at the dynamical apparent
horizon, and ρ and p are the energy density and the
pressure of the fluid respectively.
Thus, the change in entropy of the matter and that of
the dark energy become
dSm =
1
T
(pmdV + dEm) , (22)
dSD =
1
T
(pDdV + dED) . (23)
Note that the temperature T has been kept the same in
the above equations due to the establishment of thermal
equilibrium amongst different cosmic fluids. Now, divid-
ing equations (22) and (23) by dt both sides, we obtain
S˙m =
1
T
(
pm4piR
2
AR˙A + E˙m
)
, (24)
S˙D =
1
T
(
pD4piR
2
AR˙A + E˙D
)
. (25)
In the above equations, R˙A = −H˙/H2 = −H˙R2A.
Finally, plugging in the time derivatives of
ED =
4
3
piR3AρD, (26)
Em =
4
3
piR3Aρm (27)
into equations (24) and (25) and using equation (7), we
arrive at the first order entropy variations of the matter
and dark energy, respectively, as [98]
S˙m =
1
T
(1 + ωm)ρm4piR
2
A
(
R˙A −HRA
)
, (28)
S˙D =
1
T
(1 + ωD)ρD4piR
2
A
(
R˙A −HRA
)
. (29)
Our next task is to determine the first order entropy
variation of the dynamical apparent horizon. This hori-
zon is analogous to the event horizon of a black hole and
the temperature associated with it is given by [97, 99–
101]
TA =
1
2piRA
. (30)
As for the entropy, we shall employ the Barrow black
hole entropy [43], with the standard horizon area given
by AA = 4piR
2
A. Thus, we obtain
SA = γR
∆+2
A , (31)
where γ = (4pi/A0)
1+∆/2. At this point, it is custom-
ary to assume that in gravitational thermodynamics, the
temperature of the dynamical apparent horizon and that
of the fluid inside are equal, otherwise a temperature
gradient might lead to nonequilibrium thermodynamics
[102–104]. Moreover, the energy flow might deform the
geometry [103]. Now, differentiating equation (31), we
get
S˙A = (∆ + 2)γR
∆+1
A R˙A. (32)
Finally, identifying T in equations (28) and (29) with TA
in equation (30), and adding equations (28), (29), and
(30), we obtain the total entropy variation of the ther-
modynamic system bounded by the dynamical apparent
horizon [98]:
S˙tot = S˙m + S˙D + S˙A
= 8pi2R3A
(
R˙A −HRA
)
[(1 + ωd)ρD + (1 + ωm)ρm]
+ (∆ + 2)γR∆+1A R˙A
=
2pi
G
H−5H˙
{
H˙ +H2
[
1− γG
2pi
(∆ + 2)H−∆
]}
.(33)
7In arriving at the last equality, we have used the relations
RA = 1/H and R˙A = −H˙R2A. Now, taking out H2 from
within the braces on the right hand side of equation (33)
and noting that H˙/H2 = −1− q, we obtain
S˙tot =
2pi
G
H−3H˙
[
−q − γG
2pi
(∆ + 2)H−∆
]
= −2pi
G
H−3H˙
[
(1− 3b21) + (3b21 − 3b22 − 1−∆)ΩD
2− (2−∆)ΩD
]
− γ(∆ + 2)H−(3+∆)H˙. (34)
Let us now analyze equation (34) mathematically. Ob-
serve that, since the parameters γ and ∆ are nonnegative,
so the second term on the right hand side will be non-
negative if H˙ < 0, i.e., when the cosmic fluids respect
the null-energy condition. This latter inequality will also
force the expression outside the square brackets in the
first term to remain positive. Therefore, in our proposed
interacting BHDE model, the GSL will be satisfied if
ξ = (1− 3b21) + (3b21 − 3b22 − 1−∆)ΩD ≥ 0 (35)
due to the fact that the denominator inside the square
bracket is always positive. Note that the requirement
(35) is sufficient and is by no means necessary for the
GSL to be satisfied. Two cases may arise:
(a) 1− 3b21 ≥ 0: This gives 3b21 ≤ 1 which implies that
3b21− 3b22− 1−∆ ≤ 0. Thus, in this case, GSL will
be satisfied if
ΩD ≤ |3b
2
1 − 1|
|3b21 − 3b22 − 1−∆|
. (36)
(b) 3b21−1 > max{0, |3b22−∆|}: This implies that GSL
will be satisfied if
ΩD >
3b21 − 1
3b21 − 3b22 − 1−∆
. (37)
It must, however, be noted that a third case is
mathematically plausible where 0 < 3b21 − 1 < |3b22 −∆|,
but it turns out that these inequalities lead us to an
unphysical scenario: ΩD < 0.
If, on the other hand, H˙ > 0, then we might safely
deduce that the GSL is violated if the iequality in (35)
is satisfied. Again, this is only a sufficient condition for
the violation of GSL and is by no means necessary.
Therefore, the above analyses show that the violation
of the GSL is a possibility in our proposed interacting
BHDE model depending on nature of evolution of the
Universe.
V. CONCLUSIONS
In this work, we have proposed a new interacting HDE
model which is based on the recently proposed Barrow
entropy [43], which originates from the modification of
the black-hole surface due to some quantum-gravitational
effects. As discussed in section II, for ∆ = 0, the BHDE
coincides with the standard HDE, while for 0 < ∆ < 1 it
leads to a new and interesting cosmological scenario. In
particular, we have studied the evolution of a spatially
flat FRW universe composed of pressureless dark matter
and BHDE that interact with each other through a
well-motivated interaction term given by equation (12).
By considering the Hubble horizon as the infrared
cut-off, we have then studied the behavior of the density
parameter of BHDE, the EoS parameter of BHDE and
the deceleration parameter, during the cosmic evolution.
It has been found that the BHDE model exhibits a
smooth transition from early deceleration era (q > 0) to
the present acceleration (q < 0) era of the universe. Also,
the value of this transition redshift is in well accordance
with the current cosmological observations [69–76]. As
discussed in section II, it has also been found that the
evolution behaviors of ωD and ωtot are in good agree-
ment with recent observations. The latter behaviour it is
justified by the main analysis on the asymptotic behavior
for evolution of the field equations, where the de Sitter
universe is an attractor for the cosmological model. Fur-
thermore, the analytic solution of the field equations was
presented. That result it is essential because we know
that the numerical simulations describe actual solutions
of the dynamical system.
Finally, we have studied the implications of gravity-
thermodynamics in the BHDE model by assuming the
dynamical apparent horizon as the cosmological bound-
ary. The apparent horizon is endowed with Hawking
temperature and Barrow entropy defined in equations
(30) and (31) respectively. In particular, we have ex-
amined the viability of the GSL. After a careful mathe-
matical analysis, we have found that there is a possibility
of conditional violation of the GSL based on how the Uni-
verse undergoes evolution. More precisely, we have ob-
tained certain constraints on the density parameter ΩD
for which the GSL will be satisfied in the case where
H˙ < 0, while, on the other hand, we have obtained a
condition for the violation of the GSL in the case where
H˙ > 0. One must, however, note that these constraints
are sufficient in nature and are by no means necessary
for the viability of the GSL.
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